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Continuity of the Temperature and Derivation of the
Gibbs Canonical Distribution in Classical
Statistical Mechanics
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For a classical system of interacting particles we prove, in the micro-
canonical ensemble formalism of statistical mechanics, that the thermo-
dynamic-limit entropy density is a differentiable function of the energy
density and that its derivative, the thermodynamic-limit inverse tempera-
ture, is a continuous function of the energy density. We also prove that the
inverse temperature of a finite system approaches the thermodynamic-limit
inverse temperature as the volume of the system increases indefinitely.
Finally, we show that the probability distribution for a system of fixed size
in thermal contact with a large system approaches the Gibbs canonical
distribution as the size of the large system increases indefinitely, if the
composite system is distributed microcanonically.
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1. INTRODUCTION

For any system in statistical mechanics, experience leads us to believe that
the temperature is a continuous function of the energy. That is, we expect
that no matter how simple or complicated a system may be, its thermo-
dynamic behavior will be such that no “phase transition’’ will occur in which
the temperature changes abruptly. In this paper we give a rigorous proof that
for a classical system of particles the thermodynamic-limit entropy density is
a differentiable function of the energy density and that its derivative, the
thermodynamic-limit inverse temperature, is a continuous function of the
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energy density. We also prove that the inverse temperature of a finite system
approaches the thermodynamic-limit inverse temperature as the volume of
the finite system increases indefinitely. As a corollary, we show that the
probability distribution of a small system in thermal contact with a large one
approaches the Gibbs canonical distribution as the large system increases
indefinitely, if the composite system is distributed microcanonically.

The proofs follow from the properties of convex functions. In particular,
the continuity of the thermodynamic-limit inverse temperature as a function
of the energy density follows from the concavity of the thermodynamic-limit
entropy density and the convexity in the energy density of a certain monotonic
function of the thermodynamic-limit entropy density. The convexity of this
function is established with the help of the Schwarz inequality. The only
assumptions needed for these results are the stability and temperedness of the
potential (Ref. 1, pp. 32-33).

2. DEFINITIONS

We consider a system of »n identical particles of mass m enclosed in a
v-dimensional container A with total energy E. The microcanonical partition
function Q, is defined by

(E ) = () [ dx | dps*E - HEx,p) 0

where (X, p) = (X1,0..s X, P1seees Do)y dX = dx; - dx,, dp = dp, -~ dp,, with
x;€ A, p, e R*. The symbols x; and p,, respectively, denote the position and
momentum vectors of the ith particle. The symbol 8+ denotes the unit step
function defined by 6*(¢) = 1 for¢ > Oand 8*(¢) = Ofor ¢ < 0. The function
H is the Hamiltonian of the system defined by

HE,p) = @) > p2 + UG

where U denotes the potential energy.

Let E{® denote the infimum of the potential U for x € A", which exists
since the potential U is stable. Then, if £ > E{”, we define the entropy S,,
taking units where Boltzmann’s constant is 1, by

SA(E, n) = log Qu(E, n) 2

The entropy density s,, which is a function of the energy density ¢ and the
number density p, is defined by

sa(e; p) = VHA)SA(E, n) ©)



Temperature and Derivation of the Gibbs Canonical Distribution 361

where € = E|V(A) and p = n/V(A) and V(A) denotes the volume of the
container A,
For ¢ > &, with & = E{?/V(A), the inverse temperature 53, is defined
by
Bale, p) = 8sale, p)[0e = Qu'(E, n){Q,(E, n) @
where Q," denotes the partial derivative of Q, with respect to E.

For stable tempered potentials, the thermodynamic-limit entropy
density is defined by

s(e, p) = 1}1_130 Saleas pa) )

where {e,} and {p,} are sequences which approach ¢ and p as A increases
indefinitely in the sense of Fisher. The existence of the limit in (5) is proved
by Ruelle (Ref. 1, Chapter 3), provided that (e, p) lies on a certain convex set 8
(whose exact definition is not important for our purposes).

The thermodynamic-limit entropy density is a concave function of e
(Ref. 1, Chapter 3). Hence (Ref. 2, p. 5), the left- and right-hand partial
derivatives with respect to e exist for all (¢, p) € 6. Denoting these derivatives
by B- and B, respectively, they must satisfy the inequality

Bile, p) < B-(s,p) (6
Wherever the left and right derivatives of s with respect to e coincide they are
continuous (Ref. 2, p. 7) and we define the thermodynamic-limit inverse
temperature B as this common value.

3. CONTINUITY OF THE TEMPERATURE

We start by proving that in the microcanonical ensemblie formalism the
thermodynamic-limit entropy density s is a differentiable function of the
energy density and that the thermodynamic-limit inverse temperature g is
continuous in the energy density €. The proof follows from the concavity of s
and the convexity in ¢ of a function o related to s by Eq. (11) below. Next,
we prove that the inverse temperature of a finite system approaches the
thermodynamic-limit inverse temperature as the volume of the finite system
increases indefinitely.

If we integrate Eq. (1) with respect to the momenta, we find that

(27Tm)'”’/z
Al T2 + D))

where T' denotes the gamma function. On the other hand, from Eq. (4) we
note that

Qu(E, n) = dx [E - UX)"2 8T E-UX] (D

Bale, p) 2 Qp(E, m)Q(E, n)
Je £ = V(A)BA (Es P){ [QATEE, n)]2 - 1} (8)
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where Q) denotes the partial derivative of Q," with respect to E. By differ-
entiating formula (7) we can obtain integral formulas for Q,'(E, n) and
QL(E, n). These integrals are related, if #v/2 > 2, by the Schwarz inequality

{ dx [E — U(x)]™2-18+[F — U(}i{)]}2
< dx [E — Ux)]"2 8*[E — U(x)]

ATt

x dx [E — U)]™2-28+[E — U®x)]

Aﬂ
From this inequality and Eq. (7) we obtain
QUE NER _ 2

>1-2

[Q(E, mP nv
Using this in Eq. (8), we find that

Pulop) | 2 Bﬁ( e ©)

Now, let o, be the function defined by

ole, p) = expl(2/vp)sale, p)] (10)
Then

320'352, P) 2 A( e, )[algA(es P) + ﬁAz( P)]

From this expression and inequality (9) it follows that o, is convex in e. Let
o be the thermodynamic limit of o,, which exists in view of Eq. (5). That is,

ole, p) = lim oy(c, p) = exp[(2/rp)s(e, p)] (11)

The function ¢ is convex in e since it is the limit of a sequence of convex
functions (Ref. 2, p. 17). Hence, its left- and right-hand derivatives with
respect to ¢, which we denote by dc/0e_ and d¢/0¢, , respectively, exist, are
continuous except, at most, on a countable number of points, and satisfy the
inequality

do(e, p)|0e_ < Bole, p)/Oe.
By Eq. (11) this implies that
B-(e,p) < Bl p) (12)
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From inequalities (6) and (12) it follows that B8_ = B, for all ¢ and hence
that the thermodynamic-limit entropy density s is a differentiable function of
e and that its derivative, the thermodynamic-limit inverse temperature 3, is
continuous in e.

There is a theorem on convex functions (Ref. 2, p. 20; Ref. 3), which
states that if a sequence of differentiable convex functions has a limit, then the
sequence of derivatives converges to the derivative of the limit function at the
points where the latter is continuous. Applying this theorem to the sequence
of functions o4, we have

lim @o,(e, p)/Oe = Oo(e, p)/Oe
Ao

since do(e, p)/0e is continuous in e. This result may also be written

lim (e, ¢) = (e, ) (13)

4. DERIVATION OF THE CANONICAL DISTRIBUTION

To prove that a finite system in thermal contact with an infinite heat bath
is distributed canonically, we first use the above results to show that in the
thermodynamic limit

A= QA(E: n) = GXp[—AEﬁ(e, IO)] (14)

whenever E|V(A) — ¢, n/V(A) — p with (e, p) € 8 as A increases indefinitely
in the sense of Fisher, and AE > 0 is arbitrary and does not depend on A.

Let us define Ae = AE[V(A) = AEp/n, where Ae = 0. Since o, is convex
in ¢, we have

oale £ Ae, p) > oale, p) £ (2Acfrp)an(e, p)Bale, p) (15
Using Egs. (2), (3), (10), and (15) we may write

QA(E i AE, }'l) _ [O’A(E i Ae’ p):|1w/2
QA(E’ 11) oale, P)

2A¢ nv/2
P [1 s —}FBA(Es P)]

- oot = 2

+ AEB (Ea P)
> D [ R Bale, ) v
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where we have used the fact that log(l + x) < x. For the case of the plus
sign in (16), we replace E by E — AE to obtain

exp . AEBA(G’ P) QA(E - AE, n)
1 — QAcfrp)Bale, p) ~  Qu(E, n)

— ABB,(c — A¢, p)
S P T QAcfp)Bale — Ac, p)

Finally, letting A grow indefinitely, (14) follows, since 3 is continuous in e.

We now consider a finite system ¥, whose Hamiltonian we denote by
H®_ in thermal contact with a system %@ enclosed in a finite container A,
which we call the heat bath. (By *“thermal contact’’ we mean that there is an
interaction between U and @ strong enough to bring the composite
system to equilibrium but not strong enough to affect the total energy
appreciably.) We want to find the probability distribution for #*, when the
composite system is distributed microcanonically and #® grows indefinitely
while &% remains unchanged. We know® that the probability density
%Y on the phase space of ¥ is given by

"“5&1)()(’ p) = CAQA(EA - H(l)(x, P)5 n)

where now (x, p) denotes a point in the phase space of ¥V, C, is a normaliz-
ing constant given by

Cy = [f dxf dp Qu(E — HY(x, p), n)] -

and the integration is carried out over the phase space of ™. With the help
of (14) we then find that

exp[—B(e, PHV(x, p)] a7
[ dx [ dp exp[—B(e, pYHD(x, p)]

This shows that the probability distribution for a small system in thermal
contact with an infinitely large heat bath is the Gibbs canonical distribution.

lim p(x, p) =
Ao

5. CONCLUSIONS

We have proved that in the microcanonical ensemble formalism of
classical statistical mechanics the thermodynamic-limit entropy density is a
differentiable function of the energy density and that its derivative, the
thermodynamic-limit inverse temperature, is continuous in the energy density.
‘We have also proved that the inverse temperature of a finite system approaches
the thermodynamic-limit inverse temperature as the volume of the system
increases indefinitely. Finally, we proved that the probability distribution for
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a finite, classical system in thermal contact with an infinite heat bath, the
composite system being distributed microcanonically, is the Gibbs canonical
distribution.

One of the aims of equilibrium statistical mechanics is to establish
sufficient conditions on the microscopic interactions in a system composed
of a great number of particles, in order that the system exhibit thermody-
namic behavior. That is, we would like to be able to prove, for suitable
systems, that the postulates of thermodynamics apply in the thermodynamic
limit. In Callen’s® postulational approach to thermodynamics, one of the
postulates is that the entropy density is a continuous and differentiable
function of the energy density. Our result shows that Callen’s postulate
applies to classical systems of particles with stable and tempered potentials.

There has been some previous work on the problems considered in this
paper. The canonical distribution formula (17) for the case where the heat
bath is an ideal monatomic classical gas goes back to Maxwell. For the
case where the heat bath consists of a large number of identical noninteracting
classical components of arbitrary structure, the result was proved by Khin-
chin.® Mazur and Van der Linden” extended Khinchin’s proof to systems of
particles interacting by potentials of a special type (square well interaction).
They assumed that 8 is not a limit point of complex zeros of the canonical
partition function, so that their result does not apply at the temperature of a
phase transition.

In a later paper® Van der Linden considered the related problem of
proving that the thermodynamic limit of the inverse temperature exists and
is equal to the thermodynamic-limit inverse temperature [Eq. (13) above].
His proof, which is quite complicated, starts from inequality (9) and applies
to any stable and tempered potential. Like ours, his proof depends on the
continuity of the thermodynamic-limit inverse temperature. In his paper,
this continuity is proved by using the thermodynamic equivalence of the
microcanonical and canonical ensembles, whereas we are able to avoid
appealing to this equivalence.

The problem of proving that the thermodynamic-limit temperature is
continuous can also be considered in its own right. As commented by Griffiths
and by Lieb,® once the thermodynamic equivalence of the microcanonical
and canonical ensembles is established, the continuity of the thermodynamic-
limit temperature follows from the fact that this continuity is equivalent to
strict convexity of the function f defined by

f(ﬁ) p) = Sgp [S(es P) - ﬂe]

In turn, this strict convexity property can be established from the fact that
the canonical partition function factors into a product of configurational and
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kinetic parts, the first being at least log-convex and the second strictly
log-convex.

There appears to be no difficulty in generalizing our results to other types
of classical systems with kinetic degrees of freedom, but it still remains to be
seen if the results hold in the quantum mechanical case.
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NOTE ADDED IN PROOF

The argument given to justify (14) is incomplete. Continuity of B in ¢
is not enough; we also need uniform convergence in ¢ of the sequence of
functions 8,. This uniformity follows from the uniform convergence of the
sequence of functions do,/0¢, which in turn follows from the convexity of
o, in € and the continuity of da/de.
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